gy

pitlsy

L
N

FFERT AR 2023 RV E R E R L =

bR

Randomness below complete theories of arithmetic

George Barmpalias - State Key Lab of Computer Science, Inst. of Software, Chinese Acad. Science, Beijing

Wei Wang - Inst. of Logic & Cognition and Dept. Philosophy, Sun Yat-Sen University, Guangzhou

N
T

Information and Computation 290 (2023) - NSFC 11750110425 - barmpalias@ios.ac.cn

EE'"

\'3

. ZQuence = RANDOMNESS Lraromey o= BINARY TIONSTRUCTURE =S TUARG rot iz ALGORITHM&8cw H 028ty ARITHMETIC 2t seQueNCE = FReaicATe
DEGR ECTC'"L*R ' 'T JOEPTH S [ROMOGOREVZAARTI TINHACHRE (s - ~.Ncoma£§ess
. = QU O REDUCIBILITY

Systenic LRUTHSueumion [ oeceees FAILURE CODI N el i it L el ML\JPQRM

werom SHALLOW SUFFIX 7t TRUTH

Formal arithmetic (Peano Arithmetic) Complexity of True Arithmetic

Based on Peano's axioms and their variations The computational complexity of the true sentences of

arithmetic is overwhelming: it is as hard as infinitely many

Axioms for PA iterations of the halting problem.

P1 Vz(sx # 0) A
P2 VzVy(sz = sy Dx =y) s is 1-1 function g™~ However many complete extensions of arithmetic, though
P3Vz(z+0=x) s
P4 VaVy(x + sy = s(z + y))

P5 Va(z -0 =0) b o known problems, such as the halting problem.
P6 VzVy(z - sy = (z - y) + z) }deﬁne - P gp

}deﬁne-l— y incomputable, are much easier to compute than many

Induction Scheme: Let Ind(A(x)) be the sentence
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Language, Coding, Computation
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Theories of arithmetic can be written in binary, via
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coding of formulas into integers.
Randomization in Arithmetic

Then proofs can be viewed as computations.
Completions of arithmetic can be obtained probabilistically

Decoding

m But the probability of a successtul outcome is as small as it can be

The same is true for completions of finite segments of arithmetic
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Random binaries do not encode complete theories of arithmetic

w (unless they compute the halting problem)

Encoding

Complete theories of arithmetic are deep in the sense of Bennett:

it is hard to obtain them probabilistically.

Incompleteness in arithmetic

Discovered by Godel: there is no computable binary predicate

consistently evaluating the truth of each arithmetical sentence.

ON FORMALLY UNDECIDABLE
PROPOSITIONS OF
PRINCIPIA MATHEMATICA
AND RELATED SYSTEMS
Kurt Godel

Kucera pioneered the study of interactions between

randomness and extensions of formal arithmetic
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o Lo, kel B oy 1535 646 computable from two random bit-sequences

This is all that was known about computing complete

True but unprovable statements theories of arithmetic with the use of random binaries...

(a) Kruskal's theorem: the finite trees over a well-quasi-order

is well-quasi-ordered under homeomorphic embedding.

(b) Ramsey: there are monochromatic cliques in any coloring Research problem

of sufficiently large complete graphs. Given a complete theory of arithmetic and any random
binary that it computes, is there another random binary

(c) Graph minor: the undirected graphs, partially ordered by Thett eommpties dhe Heeny with dhe hallp o e it cuel

the graph minor relationship, form a well-quasi-ordering
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Complete extensions of Arithmetic
Outcome and Methodology

There are arithmetical sentences whose validity cannot

be decided from the axioms. A complete extension is Coding deep (Bennett's logical depth) information into
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obtained by adding such sentences (or their negation) to unstructured (random) binary sequences

the theory, while maintaining consistency.
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» Random coding technology was not up to this task
Extensions of arithmetic may not be consistent with each

+. Randomizing the method of Kucera, we obtained the

other: some may include a certain undecidable sentence, .

while others may include its negation. required coding method to give a positive answer.
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