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/ Motivation \ / Contributions \

1

Example R * Development of the first complete OMT solver for NRA: Present OCAC and

. / \ CDCL(OCAC), sound and complete algorithms, along with proofs of correctness
Consider an OMT(NRA) formula, . ! and termination.
minx+y, s.t.x>+y? =1, \\_/ )

the objective X +y has a minimum value of — V2 5P e = dy=a  Investigation of Variants: Explore two additional solving algorithm variants,

. using CAD and a first-order formulation.
"""""" Using 2 hours:
_____ Zg/optiMathS;T\\ e 73: timeout: * Evaluation: Integrated this algorithm into CVC5 and conducted empirical
A s Y evaluations showing that it outperforms the leading OMT solver, OptiMathSAT.

\. v V¥ \ 4 T » OptiMathSAT: timeout/
Xty

Basic Definitions

Definition 1 (NRA Formula): Definition 2 (Cell): Definition 3 (Cell Interval): Definition 4 (Extended Domain):
p == xlclp + plp - p, (polynomial) GivenP = {p, -, pm} S Q[Xy, -+, Xplands € R",a cell C(P,s) is a non- C(P,s),. is an interval {1,} over x;, i.e., R :=RU{o}U{e} and e - 0.
¢ :=blp =0|p =0|-p|P AP|PpV P (formula)  empty connected subset of R™ that is sign-invariant for P and contains s. VieR.(L<r<1U ->35€eC(P5s)),
XER,ceEQbeEB Foralli € {1, m}, whered:=(s s rstl.. s,
Vs € C(P,s),sign(p;(s)) = sign (p;(s)). replacing s; with r.

A Cylindrical Algebraic Decomposition (CAD) is a decomposition algorithm for a set of polynomials in
R", n € N space resulting in a finite number of cells.

Consider {x* + y> — WYand x < y :
» Projects y and obtains {X2 — 1},

The Cylindrical Algebraic Covering Algorithm (CAC) is a variant of CAD, adjusted to the context of SMT.
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Consider x> + y> < land x <y :
e Assigns x = 1and obtains y* < 0 =1;
e [dentifies the characterizing set {x? — 1},
» Excludes unsatisfiable region {—1, 1} X R;
» Assigns x = 0 and obtains y* < 1;
» Excludes {0} X (—o0, — 1] U[1, + o),

. » dAssigns 'y = 0 and reports T,
Finally, it finds a model, i.e., the red point (0, 0).

» [solates roots, i.e., X =— land x = 1;

R
R

 Divides R to 5 segments,

e Samples x = {—2, — 1, 0, 1, 2}, resulting in —— 1
{y? + 3}, {y*}, and {y* = 1};

« Isolates roots for {y? — 1}, i.e, {—1, 1} ;

* Divides R to 5 segments,
Red points (ReRddBPEgrdsbthensi aitinepriessneginedx” +y* — 1 < 0}
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/ Generalized Optimization Modulo Theories \

Definition 5 (GOMT problem):
A General Optimization Modulo Theories problem is a tuple

GO: = (t, <,9), where,

*t, a2 —term of some sort 0, is an objective term to

Definition 6 (GOMT over NRA):

A GOxg is a tuple GOxpa = (1, <, ),
where,

For any GOMT problem GO and ‘1 -interpretations 1
and CII, we say that:
1 is GO—consistent if 1 & ¢,

, : , °t is the polynomial objective term to
*I-dominates, 1 denoted by 1<qp1, if land 1 are

optimize, , optimize,
. . . . . . 1 1. . . . . .
*< is a strict partial order definable in 1 , whose defining GO—consistent and t' < t’, *< is a strict partial order definable in
formula has two free variables, each of sort o, and *1is a §O-solution if 1 is GO-consistent and no 1- NRA, whose formula defines over R X R,
\B *  is a 2-formula. interpretation GO-dominates 1. ¢ is an SMT(NRA) formula. /
cample is a simple example of GO(x +y, <, x> +y?=1).
i ud g ol gl J J \ J ! ’ J 7
Optimization Cylindrical Algebraic Covering Correctness and Termination
Algorithm 1 OCAC Theorem (Correctness of CAC): Theorem (Satisfiable Interval):
:;‘St“;l‘lt‘f’ 2}‘:]’:’:"; L"getga’l” ;} i’j”:hxfoi;”:;i‘?‘;f‘i":ﬁ:‘e;”T";;'Z';’)'t‘“};um value: The Let y be a conj unction o f po lynomial atoms with Given an OMT branch formula ¢ At = x,, P denotes
cutting lemma. X1 0 Xpn S = {S-|, "',Sm} cR , P1,'°',Pm - Z‘hesetofpolynomials n wAt:Xt-[J[(PAtz Xt IS
; . - Q’Ug ::,:]RVJ: None Q[x1,x;] and s€e R~ for 1<i<n. If {s} xR S satisfiable, that is, there exists a complete assignment
. whnle Icl o , ’ . .
2; ?T::O)SampSIeI_Oinective_](\:;I/L\le(]I) X ) U}ﬂ=1 C(P; (s;s))) and for 1<j<m, C(Pj (s sj) is S= (st S1, '+, Sp) that satisfies W Nt = X;, then
: , .= Solve__Interna t =Xt \NXt = st . . .
50 if T = TTthe" Analyze._Cell(O) unsatisfiable for g, then C(projs,, (P, P™,s,S),s) is VY, € C(projgec(P), 8)x, @ At =Yy, is satisfiable.
L g = |, v.:= Analyze_C(e ) . . .
7 0 := 0 U [s:, +o0) TisesseabiTermination of OCAC): Theorem (Correctness of O0CAC).
gf ]Ie'?i']iu (0} Given an OMT branch formula w At =x,, OCAC  Given an OMT branch formula 9 ANt = Xy, if p At =
10: end while terminates. X; IS unsatisﬁable, OCAC returns UNSAT; otherwise,
11: return (g,v,Lemma(v)) ______________________________________________________________________________________ngflQ_?_@ﬂ_ﬁ_’?g_’_{@_@_@ﬁﬁ’]ﬁlw_"?; __________________________________
. . Corollary -
Definition 7 (GOMT in OCAC): | Given a conjunction of polynomial atoms v, let |, of X, represent the leftmost —_—
A GOgenc s a tuple GOpeae == (Xt <celn @) , Where, | satisfiable interval for minimization, which can be characterized by three cases: o l i
i _ . . : _ ) s e i
°X;, a variable with x; = t, is the objective variable where * lo = (=, u) implies min(x;) =— o, A |
: . L .y o1, = (I, u) implies mi =l+e |
t is the polynomial objective term to optimize; L0 ( u).lmp e n_"n(xt) y e ) i
. . . . . Lo lo =L Mimplies min(Xxe) =1 e
*<cell IS a strict partial order definable in NRA, whose

formula defines over R X R, and x{<ce;Xi is equivalent to:

L(C(P(Y), Tr)x,) < LC(P(Y), Tn)x, ),
* Y is a conjunction of polynomial atoms.

produce correct results.

Experiments \

Theorem (Termination and Correctness):
For a given instance GOypx = (t, < ,9), the CDCL(OCAC) algorithm is guaranteed to terminateany

; ; : #(RAN) #(RAN +¢) #(Q) #(Q+¢) #(00) #SAT | #UNSAT
* CAD Based Varlant. * BenChmarkS' CDCL(CAD) 246 551 802 2990 1129 5718 4568
Using CAD to precompute the candidate * Generated from QF NRA benchmarks of SMT- . 304 610 1101 3545 1165 6725 | 4302
. . - OptiMathSAT(Bin) 0 0 943 1870 353 3166 5040
intervals and select representatives from the LIB. OptiMathSAT (Lin) 0 0 928 1819 33 3083| 5040

. . . . ] ] CDCL(OCAC) (Ours) 369 081 1084 4248 1250 7932 5019
leftmost interval until finding the optimal. » For satisfiable instances:
e Randomlv select declared ables- Table 1: Performance on
. . andomly selec fronff eclared variables, the number of solved -
* First-Order Formulation. » Add minimization objectives: instances, including 7000-
Converting the optimization problem into the X, X+y, x>+ y? xy, or 10000 satisfiable and g o000
first-order formula and solving it. Xy + z; 5332 unsatisfiable ones. <>
’ < 4000 A
OntiMathSAT e Randomly select 10000 instances. ;§3°°°- /.
4 . . . . . 5 2000 ] ,:"," .-
ptiMat ) * For unsatisfiable instances, use original  Fioure I: Performance = il oo
. . . . 10004 )/ —_— in

The leading OMT solver using linear or binary benchmarks, a total of 5532 instances. on satisfiable instances | ¥ e

search. e Timeout: 1200 s over time. T T+
. . Time (s)

 For FOL baseline: select the best results from CVC3),
dReal, yices(QS, and Z3.




